
556� Journal of Chemical Engineering of Japan� Copyright © 2015  The Society of Chemical Engineers, Japan

Journal of Chemical Engineering of Japan, Vol. 48, No. 7, pp. 556–563, 2015

Solid–Liquid Separation Properties in Centrifugal 
Sedimentation of Bidisperse Colloidal Suspension

Da-Qi Cao, Eiji Iritani and Nobuyuki Katagiri
Department of Chemical Engineering, Nagoya University, Furo-cho, Chikusa-ku, Nagoya-shi, 
Aichi 464-8603, Japan

Keywords:	 Centrifugation, Sedimentation, Bidisperse Suspension, Porosity, Sedimentation Coefficient

The present study investigates solid–liquid separation behaviors in centrifugal sedimentation for concentrated bidis-
perse colloidal suspensions containing polymethylmethacrylate (PMMA) particles of two di�erent submicron sizes 
with equal densities, using an analytical centrifuge. The sedimentation coe�cient for describing the settling rate of the 
interface separating the dispersion from clear liquid was determined from the sedimentation curve drawn based on 
the measurements of near-infrared light transmission. It was found that the sedimentation coe�cient decreased with 
decreasing porosity and increasing ratio of the volume of small particles to volume of total particles, while it was little 
in�uenced by the initial height of suspension and the angular velocity of the rotor. A model was developed for describ-
ing the relation between the sedimentation coe�cient and porosity in a suspension in the centrifugal sedimentation of a 
bidisperse suspension. In the low concentration region, the sedimentation coe�cient was determined from the settling 
rate of small particles because small particles settled independently from large particles in the upper zone. In contrast, 
the sedimentation coe�cient in the high concentration region was obtained based on the mean speci�c surface area 
size of small and large particles determined using the mixing ratio, since small and large particles settled collectively. In 
addition, the critical porosity determining the boundary between low and high concentration regions was well described 
by the model developed. The validity of the model was con�rmed by comparing the calculations with experimental data.

Introduction

Sedimentation is one of the typical solid–liquid separa-
tion processes and is widely prevalent in industry because of 
its ease-of-use. The sedimentation behaviors of concentrated 
bidisperse suspensions serve as the basis for understanding 
complicated behaviors in the sedimentation of polydisperse 
suspensions, which are encountered frequently in practice 
in industrial processes, and hence they have so far been 
investigated extensively by many researchers, in order to ex-
perimentally elucidate the dependence of gravitational sedi-
mentation behaviors on the particle diameter ratio (Krish-
namoorthy et al., 2007), particle density ratio (Richardson 
and Meikle, 1961), segregation (or particle concentration) 
(Davies, 1968; Hoyos et al., 1994; Cheung et al., 1996), and 
electrostatic interaction (Iritani et al., 1997). As industrial 
products have become progressively finer, attention has re-
cently turned to centrifugal sedimentation, which can pro-
duce a larger driving force.

A number of studies have been reported over the years 
on the analysis of the gravity sedimentation of bidisperse 
suspension (Smith, 1965; Dorrell and Hogg, 2010) or poly-
disperse suspension (Selim et al., 1983; Ha and Liu, 2002), 
which was able to be easily extended to the analysis of cen-
trifugal sedimentation of bidisperse suspensions. Although 

a variety of models (Smith, 1997; Kondrat’ev and Naumova, 
2006; Krishnamoorthy, 2010) have been proposed, Lockett 
and Al-Habbooby (1973, 1974) initially applied the Richard-
son and Zaki (1954) correlation for monodisperse suspen-
sion to bidisperse suspensions, and their model played an 
important role contributing to the subsequent studies. In 
the model, equations were presented for separately evalu-
ating the settling velocities of small and large particles by 
considering the void functions of both particles. However, as 
the particle concentration increases, it is expected that both 
small and large particles settle collectively. To achieve a bet-
ter agreement between the data and predictions Mirza and 
Richardson (1979) modified the Lockett and Al-Habbooby 
(1973) model by introducing a purely empirical correction 
factor.

Recently, an introduced analytical photocentrifuge allow-
ing for the study of the movement of the phase boundary in 
centrifugation has been used as a powerful tool to analyze 
the mechanism of centrifugal separation (Lerche, 2002; De-
tloff et al., 2006; Iritani et al., 2007; Loginov et al., 2012; Cao 
et al., 2014). The device could be efficiently employed to sur-
vey separation behaviors of bidisperse suspensions contain-
ing submicron particles.

In the present work, the solid–liquid separation proper-
ties in the centrifugal sedimentation of a concentrated col-
loidal suspension of two-sized spherical particles are inves-
tigated using an analytical photocentrifuge. The dependence 
of the sedimentation coefficient on solids volume fraction 
(or porosity) in suspensions is examined with varying the 
ratio of the volume of small to the volume of total particles, 
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initial height of suspension, and angular velocity of the 
rotor. A model is developed for readily evaluating the set-
tling velocity of the interface between the dispersion and 
clear liquid on the basis of the concept of critical porosity. 
The applicability of the model is tested through experimen-
tation.

1.　Model Development

In centrifugal settling, the sedimentation coefficient S is 
defined by 

2/ ( )S v rΩ=   (1) 

where v is the centrifugal settling velocity, r is the radial 
distance of an arbitrary position from the center of rota-
tion, and Ω is the angular velocity of the rotor, and thus rΩ2 
indicates the centrifugal acceleration. For a concentrated 
suspension containing spheres of uniform size and density, 
S in the above equation is empirically represented by (Rich-
ardson and Zaki, 1954) 

0
nS S ε=   (2) 

where ε is the porosity (or voidage) defined as the volume 
fraction of the continuous phase, and the exponent n is the 
empirical coefficient ranging from 4.65 to 6.55 in the Stokes 
region (Heitkam et al., 2013). When the flow is within the 
Stokes region, S0 appeared in Eq. (2) is described by 

2
0S Cd=   (3) 

where d is the Stokes diameter of particles, and C is a con-
stant defined by 

−p( ) / (18 )C ρ ρ μ=   (4) 

where ρp and ρ are the densities of particles and solvent, re-
spectively, and μ is the viscosity of the solvent.

For a bidisperse suspension involving two particle species 
of different size, but of equal density, the settling behaviors 
of the interface between dispersion and clear liquid are 
considered from the viewpoint of solid–liquid separation. It 
is presumed that sedimentation behaviors of bidisperse sus-
pension are broadly classified into two categories, as shown 
in Figure 1: one is the case where only small particles are 
settling independently from large particles in an upper sedi-
menting zone (Figure 1(a)), and the other is the case where 
small and large particles are settling collectively at the same 
velocity (Figure 1(b)).

The case shown in Figure 1(a) is normally seen in the 
sedimentation of a dilute suspension. When settling of large 
particles has little influence on the settling rate of the inter-
face between the dispersion and clear liquid, the sedimenta-
tion coefficient S corresponding to the settling rate can be 
approximated by 

nS Cd ε ε ε2
S S c; >=   (5) 

where εc is the critical porosity, which is described in detail 
later, dS is the Stokes diameter of small particles, and εS is the 
porosity on a small particle basis calculated from 

− − −S S S1 1 (1 )ε α α ε= =φ   (6) 

where αS is the ratio of the volume of small to volume of 
total particles, and ϕ is the volume fraction of the total par-
ticles.

As the solid concentration in suspension increases, the in-
teraction between small and large particles becomes marked 
(Davies, 1968) and both particles appear to settle collectively 
at the same velocity. When the mean specific surface area 
size dav of small and large particles is employed as a repre-
sentative diameter describing the sedimentation behaviors 
in a bidisperse suspension, the sedimentation coefficient S 
may be written as 

nS Cd ε ε ε2
av c; ≤=   (7) 

The diameter dav is defined by 

−av
S S S L

1
/ (1 ) /d α d α d=

+
  (8) 

where dL is the Stokes diameter of large particles.
The relation between S and ε is schematically shown in 

Figure 2. The solid and dotted lines are the calculations 
obtained from Eqs. (5) and (7), respectively. There exists an 
intersection between two lines where the abscissa is named 
as the critical porosity εc. The sedimentation coefficient S 
calculated from Eq. (5) is smaller than that calculated from 
Eq. (7) at porosities larger than εc. In contrast, at porosities 
smaller than εc, S obtained from Eq. (7) is smaller than that 
obtained from Eq. (5). Our model presumes that a smaller 
S-value in both calculations determines the settling veloc-
ity of the interface between the dispersion and clear liquid 
in the sedimentation of a bidisperse suspension, and this is 
verified by experimentation, as mentioned later.

As a result, the values of S of a bidisperse suspension may 
be calculated from the piecewise function of Eqs. (5) and 
(7). The critical porosity εc appearing in Eqs. (5) and (7) can 
be derived from Eqs. (5) through (8) and represented by 

Fig. 1 Two types of centrifugal sedimentation behaviors of bidisperse 
suspension
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As the solid concentration in a suspension increases 
above the critical value, the interaction between small and 
large particles becomes very strongly marked (Davies, 1968) 
and thus all of the particles fall in a group at the same veloc-
ity (Coulson et al., 1978). This phenomenon is defined as 
collective sedimentation (Yoshioka, 1962). Our model is 
characterized by employing the mean specific surface area 
size dav of small and large particles as the particle size ap-
pearing in the Richardson and Zaki type equation on collec-
tive sedimentation of a bidisperse suspension. In contrast to 
our model, the settling velocities of small and large particles 
are evaluated separately in the Lockett and Al-Habbooby 
(1973, 1974) model.

2.　Experimental

2.1　Materials and dispersion preparation
The colloidal particles used as the dispersed phase were 

monodisperse, spherical polymethylmethacrylate (PMMA) 
(MP-1000, and MP-1600, Soken Chemical & Engineering 
Co., Ltd.). The hydrodynamic diameters of MP-1000 and 
MP-1600 particles designated as dS and dL were 0.44 and 
0.77 µm, respectively, which were determined from the mea-
sured Stokes velocities, as mentioned later. The densities ρp 
of both particles were 1,210 kg/m3, which were measured 
by means of a pycnometer (Sansyo Co., Ltd.). Ultrapure, 
de-ionized water (ρ=997 kg/m3) was produced by purify-
ing tap water through an ultrapure water system equipped 
with Elix-UV20 and Milli-Q Advantage (Millipore Corp.). 
The particles were gradually added into ultrapure, deionized 
water with continuous stirring and well dispersed through 
sonication for 30 min. As a result, colloidal suspensions 
with the volume fraction ϕ of 0.35 were provided at various 
mixing ratios αS as preparative suspension. The colloidal 
suspensions with ϕ less than 0.35 were prepared by diluting 
the preparative suspension with ultrapure, deionized water 

and used as test samples after the agitation at a stirring rate 
of 250 rpm for 10 min.

2.2　Experimental apparatus and procedure
Centrifugal sedimentation experiments were carried out 

at different constant rotor speeds ranging from 1,000 to 
3,000 rpm (the angular velocities of the rotor ranged from 
104.7 to 314.2 rad/s) corresponding to a centrifugal ac-
celeration of 122–1,098×g with reference to the base of the 
cell, using a microprocessor-controlled analytical photo-
centrifuge (LUMiFuge 116, L.U.M. GmbH) (Lerche, 2002; 
Detloff et al., 2006; Iritani et al., 2007; Cao et al., 2014), 
where g is the gravitational acceleration. Precision spec-
troscopic rectangular glass cells with the section of 10 mm 
length and 1 mm width equal to the optical path length were 
used. The effect of the cell wall on particle settling was neg-
ligible due to the incredibly small ratio (less than 7.7×10−4) 
of the particle size to the size of the cell section (Francis, 
1933). The initial height of the dispersion filled in the cell 
was varied from 9.99 to 15.67 mm, and the radial distance 
R from the center of rotation to the bottom of the sample 
filled in the cell was 108.51 mm. The cells charged with the 
sample were positioned in the radial direction on the rotor. 
The instrument non-invasively traced the local and tempo-
ral variations of the intensity of transmitted near-infrared 
(NIR) light at 880 nm over the total length of the sample 
cell containing the dispersion while centrifugation was in 
progress. Particle migration due to the centrifugal force 
causes a variation in the local particle concentration, and 
correspondingly, the local and temporal variations of the 
transmission. The transmission profile of the sample during 
the course of centrifugal sedimentation was continuously 
recorded by a CCD-line sensor, displayed as a temporal se-
quence on the computer screen, and saved in a PC. The data 
was used to determine the time course of the position of the 
interface of the dispersion and clear liquid, as described in 
the next section.

3.　Results and Discussion

3.1　Determination of sedimentation coe�cients
Figure 3 illustrates the typical change with time in the 

NIR light transmission T expressed in percentage over the 
entire sample height at the angular velocity Ω of 314.2 rad/s 
for centrifugal sedimentation of a PMMA bidisperse sus-
pension, where the suspension concentration ϕ is 0.05 and 
the mixing ratio αS is 0.75. In this figure, r is the radial 
distance of an arbitrary position from the center of rota-
tion, and r0 is the radial distance from the center of rotation 
to the top of the sample filled in the cell. The transmission 
profiles were taken every 40 s. The figure implies that only 
one explicit interface was observed between the dispersion 
and clear liquid in the concentration range examined in this 
study, although two interfaces corresponding to the small 
and large particles, respectively, can be detected by the ana-
lytical centrifuge at extremely low concentrations (Detloff 
et al., 2006). Accordingly, the sedimentation coefficient S 

Fig. 2 Schematic view describing relation between sedimentation co-
efficient and porosity of suspension based on model developed 
in centrifugal sedimentation of bidisperse suspension
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representing the settling velocity for a unit centrifugal ac-
celeration was determined based on the semi-log plots of 
the sedimentation interface ri vs. centrifugal time t using the 
relation (Moore, 1972; Iritani et al., 1993): 

⋅ ⋅i i
2 2

i

1 d 1 d(ln )
d d
r rS t tr Ω Ω

= =  
 

(10)
 

where ri is the radial distance from the center of rotation to 
the interface of dispersion and clear liquid.

It is necessary to determine the settling rate of the solid–
liquid interface from the temporal variation of the transmis-
sion T in order to obtain the sedimentation coefficient S. As 
an example, the sedimentation coefficient S calculated from 
Eq. (10) was plotted against the transmission T measured 
using suspensions with varying ϕ at αS of 0.75 and Ω of 
314.2 rad/s, as depicted in Figure 4. While it is difficult to 
judge the position of the solid−liquid interface accurately 
from the value of T, it should be noted that the sedimenta-
tion coefficient S determined from various T-values remains 
constant at a given volume fraction. In this study, T of 40% 

was adopted in the determination of time variation of ri in 
Eq. (10) for all of the experimental data.

3.2　Normalized form of sedimentation curve
In Figure 5, the data are plotted in the normalized form 

of (ri−r0)/(R−r0) vs. t/(R−r0) for the conditions of αS=0.75, 
and ϕ=0.11 and 0.23, in order to investigate the effect of 
the initial height of the sample on the settling velocity. It is 
found that the plot shows a linear relationship in the ini-
tial stage of centrifugal sedimentation, indicating that the 
sedimentation velocity is maintained almost constant during 
that stage, since the change of ri during sedimentation is ex-
tremely small compared to the initial value of ri. This implies 
that the effect of acceleration occurring in the very early pe-
riod of sedimentation is negligibly small. It is also found that 
the slope of a straight line related to the settling rate is little 
influenced by the initial height of the sample, in accordance 
with Work–Kohler relation (Work and Kohler, 1940; Iritani 
et al., 2007). Figure 6 shows the normalized sedimenta-
tion curve with varying αS and constant ϕ (=0.17) (Figure 
6(a)), and with varying ϕ and constant αS (=0.75) (Figure 
6(b)). The settling rate decreases with increasing αS due to 
the slower settling rate of small particles and decreases with 
increasing ϕ due to the increase in the hindering effect.

When the sedimentation coefficient S is constant during 
the course of centrifugal sedimentation, integrating ri in Eq. 
(10) from r0 to ri, the term (ri−r0)/(R−r0) appearing in the 
normalized sedimentation curve can be described by 

−
−

− −
2i 0 0

0 0
(e 1)Ω Str r r

R r R r=   (11) 

The solid lines in Figures 5 and 6 are calculations obtained 
by substituting Eqs. (5) and (7) into Eq. (11), indicating 
the model well describes the centrifugal sedimentation be-
haviors of bidisperse suspension in the initial period of 
sedimentation. The calculations can be approximated by the 

Fig. 3 Typical change with time in NIR light transmission in cen-
trifugal sedimentation of bidisperse suspension

Fig. 4 Effect of NIR light transmission used to determine position of 
solid–liquid interface on sedimentation coefficient

Fig. 5 Effect of initial height of sample on sedimentation rate evalu-
ated as form of normalized sedimentation curve
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straight lines throughout the initial period of sedimentation 
because the variation of centrifugal acceleration riΩ2 is neg-
ligible due to the slight change in ri.

3.3　Dependence of sedimentation coe�cient on porosity
In Figure 7, the sedimentation coefficient S obtained 

from centrifugal sedimentation is logarithmically plotted 
against the porosity ε on the total solid basis for various 
αS values. The sedimentation coefficient S decreases with 
decreasing porosity ε and with increasing αS. For monodis-
perse suspension (αS=0, 1), each plot can be matched with 
Eq. (2) by inputting 5.56 as n. Thus, the intercepts of the 
lines on the ordinate axis at ε of 1.0 would give the Stokes 
sedimentation coefficients, S0S and S0L, of small and large 
particles in free settling. As a corollary, the Stokes diameters 
dS and dL are determined as 0.44, 0.77 µm, respectively. For a 
bidisperse suspension (αS=0.25, 0.5, 0.75), the experimen-
tal data are in satisfactory agreement with the solid lines 

calculated from Eqs. (5) and (7). It should be noted that the 
slopes of the straight lines are all the same (n=5.56) below 
the critical porosity εc. However, the slopes become smaller 
than 5.56 when the porosity is higher than εc. In addition, 
it is clear that S is little influenced by the magnitude of cen-
trifugal acceleration, as seen in the plots for αS of 0.75 and 
different values of Ω.

It is possible to determine the critical porosity εc ex-
perimentally from the sedimentation data on the basis of 
the curve fitting due to two lines drawn in the low and high 
concentration ranges. Figure 8 compares the experimental 
data of critical porosity εc with the predictions obtained di-
rectly from Eq. (9) for different values of αS, with relatively 
good agreement being observed. The critical porosity εc 
calculated from the model gradually increases with the in-
crease in αS and ranges from 0.818 to 0.866.

In Figure 9, the data shown in Figure 7 are replotted in 
the form of S/d2

av vs. ε in order to elucidate the influence of 

Fig. 6　Normalized sedimentation curves under various conditions

Fig. 7 Relation between sedimentation coefficient and porosity of 
suspension for several ratios of volume of small to volume of 
total particles

Fig. 8 Relation between critical porosity and ratio of volume of small 
to volume of total particles
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dav in a mixed suspension on S. The solid line is the calcula-
tion obtained using Eq. (7) and is in fairly good agreement 
with the data for a monodisperse suspension and the data 
for a concentrated bidisperse suspension below the critical 
porosity εc. It should be noted that the calculations collapse 
to nearly a straight line irrespective of dav when drawn in 
this manner. It must be stressed, once again, that the value 
of n is determined as 5.56, which is slightly smaller than the 
theoretical value of 6.55 indicated by Batchelor (1972). This 
difference arises probably because the van der Waals attrac-
tions between particles are not considered in Batchelor’s 
theory (Al-Naafa and Selim, 1992). The data for a dilute 
bidisperse suspension above the critical porosity εc deviate 
from the solid straight line and shows smaller values since 
the small particles settling independently of large particles 
determines the settling rate of the solid–liquid interface 
in sedimentation. The dotted lines are the calculations ob-
tained using Eq. (5) and roughly coincide with the data.

In Figure 10, S is plotted against ε for αS of 0.25, and the 
present model calculations shown by the solid line are com-
pared with Lockett and Al-Habbooby (1973) model calcula-
tions shown by the dotted line. It should be kept in mind 
that our model gives a slightly more satisfactory prediction 
of the experimental data compared with the Lockett and 
Al-Habbooby model despite the former being much more 
simplified than the latter. As mentioned in the foregoing, it 
is postulated in the Lockett and Al-Habbooby model that 
small particles settle separately from large particles.

In Figure 11, the calculations Scal of the sedimentation co-
efficient are compared with the experimental values Sobs for 
a variety of values of ϕ, αS, (R−r0), and Ω in the centrifugal 
sedimentation of a PMMA bidisperse suspension. All of the 
present data fall within the range bounded by the error bars 
of ±15% depicted by the dotted lines, indicating that the 
model can well describe the settling rate of the solid–liquid 
interface during the initial stage of the centrifugal sedimen-
tation of a PMMA bidisperse suspension.

Conclusion

Centrifugal sedimentation experiments of concentrated 
bidisperse suspensions of spherical PMMA particles of two 
different sizes and equal densities in the submicron-sized 
range were conducted with the use of an analytical photo-
centrifuge. The influence of the porosity in suspension on 
the sedimentation coefficient for describing the settling rate 
of the interface between the dispersion and clear liquid was 
examined for different values of the ratio of the volume of 
small particles to the volume of total particles, initial height 
of the suspension, and angular velocity of the rotor. The 
experimental results showed that the sedimentation coef-
ficient decreased with decreasing porosity and increasing 
ratio of the volume of small particles to volume of total 
particles. A new model was developed for describing the re-
lation between the sedimentation coefficient and porosity in 
suspension in the centrifugal sedimentation of a bidisperse 

Fig. 9 Relation between sedimentation coefficient normalized by 
mean specific surface area size of particles and porosity in sus-
pension

Fig. 10 Comparison of the present model calculations with Lockett 
and Al-Habbooby model calculations on relation between 
sedimentation coefficient and porosity of suspension

Fig. 11 Comparison of calculated values with experimental values on 
sedimentation coefficient



562� Journal of Chemical Engineering of Japan

suspension with the aid of the concept of critical porosity. 
The model developed here enabled us to readily evaluate the 
settling velocity of the interface between the dispersion and 
clear liquid in the centrifugal sedimentation of a bidisperse 
suspension from the centrifugal sedimentation data alone of 
each monodisperse suspension. Predictions from the model 
were in reasonable agreement with the experimental data 
acquired for a wide range of concentrations in colloids. The 
detailed dependence of the critical porosity on the size, size 
ratio, shape, etc. of small and large particles remains to be 
clarified.
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Nomenclature

C =  constant defined by Eq. (4) [s/m2]
d =  Stokes diameter of particles [m]
dav =  mean specific surface area size of small and large 

particles [m]
dL =  Stokes diameter of large particles [m]
dS =  Stokes diameter of small particles [m]
g =  gravitational acceleration [m/s2]
n =  empirical coefficient defined in Eq. (2) [—]
R =  radial distance from center of rotation to cell bottom [m]
r =  radial distance of arbitrary position from center of 

rotation [m]
ri =  radial distance from center of rotation to interface of 

dispersion and clear liquid [m]
r0 =  radial distance from center of rotation to interface 

between dispersion filled in cell and air [m]
S =  sedimentation coefficient defined by Eq. (1) [s]
S0 =  sedimentation coefficient in free settling, calculated 

from Eq. (3) [s]
S0S =  Stokes sedimentation coefficient of small particles in 

free settling [s]
S0L =  Stokes sedimentation coefficient of large particles in 

free settling [s]
T =  NIR light transmission [—]
t =  centrifugal time [s]
v =  centrifugal settling velocity [m/s]

αS =  ratio of volume of small to volume of total particles [—]
ε =  porosity defined as volume fraction of continuous phase [—]
εS =  porosity on small particle basis [—]
εc =  critical porosity in Eq. (9) [—]
μ =  viscosity of solvent [Pa·s]
ρ =  density of solvent [kg/m3]
ρp =  density of particles [kg/m3]
ϕ =  volume fraction of total particles [—]
Ω =  angular velocity of rotor [s−1]

‹Subscript›
cal =  calculated value
obs =  observed value
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